Abstract-Targeted molecular therapies opened new ways and increased the efficiency of cancer therapies. Antiangiogenic therapy focuses against the growth of tumor by blocking the blood vessel formation of it. Its control engineering perspective has been presented several times, but its key point represents modeling the tumor growth. The purpose of our research is to go beyond the already published minimalistic approach and set up a bi-compartmental (vasculature-dependent tumor growth and angiogenesis) model. The aim of the current paper is to extend our recently published dynamical bicompartmetal model to include the effect of not only for antiangiogenic, but also cytotoxic drugs as well as input. We compare the effect of the two different inputs on the model dynamics in the context of final tumor volume, which can be used as a measure of therapy effectiveness. According to the model prediction, the combination of drugs is more efficient compared to either monotherapy. Furthermore, we compare an optimized open-loop protocol with a very simple intuitive feedback therapy solution.
I. INTRODUCTION
Although the process called angiogenesis, in which the growing tumor induces the formation of new blood vessels to support the high metabolic needs of proliferating cells, is well known since the 70's [1] , the therapeutic implications of this process are still under intensive development [2] . Recent results [3] have shown that innovative treatment protocol designs (e.g. in the simplest case only the more distributed injection of the same or less dosage of medicine) of antiangiogenic drugs may enhance the effectiveness of antiangiogenic treatments. This is not surprising, since the effect of various drugs is different in the various phases of tumor growth. Discriminating between different phases of tumor vasculature development, we have to mention the concept of the so called angiogenic switch [4] , which refers to the time instance at which the size of the tumor makes no longer possible to cover its metabolic needs from diffusion from the environment and thus, if some (partially still unknown) conditions are present, angiogenesis is initiated. If antiangiogenic drugs are provided before the angiogenic switch, their effectiveness is questionable if their concentration is not large enough to maintain a steady serum level for the following period.
Moreover, the consideration that antiangiogenic drugs have less effect after the majority of the supporting vasculature has been already evolved seems plausible.
The question of optimal protocols and optimal dosage naturally arises from the above considerations. On the one hand, it is not clear how to define a general protocol for the administration of a certain antiangiogenic drug; while on the other hand, it is even less clear how to curtail such a protocol for the individual and its unique features in the implementation of such a therapy. The field of theoretical biology proposes the tool of predictive computational models to provide insights into these questions. Namely, several computational models have been formulated to describe the process of tumorous angiogenesis, and those models may serve as bases for therapy design [5] , [6] . An even more challenging question is how to combine antiangiogenic therapy with a conventional cytotoxic therapy (i.e. chemotherapy) to achieve maximal efficiency [7] .
As also underlined in the EU directive [8] , in the process of experimentation required for obtaining such an optimal therapy, it is necessary to minimize the number of laboratory animals used for experiments. Simulation models may provide valuable hypotheses, thus may help to design more successful experiments in this context.
While an 'optimal' therapy is unquestionably desirable, and computational models may undoubtedly help to design such a protocol, at the application level additional questions arise. As tumors themselves are very heterogenous, and so are the patients, a theoretically 'optimal' therapy may not work perfectly at the level of a specific patient.
Regarding the process of tumor-related vascularization, several imaging techniques have been published recently, which may serve as basis for the spatial reconstruction of vasculature networks. Functional photoacoustic microscopy [9] and doppler optical frequency domain imaging [10] are already used today in in vivo setups to analyze vascular networks, while diffusible iodine-based contrast-enhanced computed tomography [11] may be used in terminal experimental animals. However, although the application of these methods in e.g. immuno-suppressed animals should be carried out with precautions, these methods definitely have the potential to gather data of pathological vascularization during tumor growth.
With the development of these methods, and other biochemical (vascularization-related tumor) markers, it is plausible to assume that important data of the vascularization will be available for measurement. If we assume that the sampling time is small enough, based on the developed optimal therapies, closed-loop solutions may provide the robustness and flexibility required for the most efficient application of computer-controlled drug administration. Potential benefits of discrete-time controller based treatments over protocolbased cancer therapies is discussed in [12] . This approach has already been successfully applied in the case of diabetes in the concept of artificial pancreas [13] , [14] , [15] , [16] .
Recently, we developed a concentrated-parameter dynamic model for the description of the growth of a tumor and its supporting vasculature [17] . The main aim during the synthesis of this model was to capture the fundamental phenomena related to vasculature-dependent tumor growth and angiogenesis, and simultaneously keep the complexity level of the model low enough to make it able to serve as a basis for control and optimization-related methods.
In this paper, we first provide a simple extension of the above mentioned bi-compartmental model with an additional input to make it capable for the differentiated description of cytotoxic drugs in addition to antiangiogenic drugs, which was the original input of the model. After the short discussion of the model equations and their extension, we demonstrate that the two inputs (the antiangiogenic drug input and the cytotoxic drug input) influence the dynamics of the model in significantly different ways. Following this, we formulate and solve a dosage-optimization problem for the combined therapy, using both inputs of the model. Finally, we compare the open-loop results to an intuitively defined very simple closed-loop approach.
II. MATERIALS AND METHODS
As mentioned in the previous section, the original form of the following model was introduced in [17] . The basic concept of the model is that it differentiates between two compartments of the tumor called core (lower index C in the equations) and periphery (lower index P ). The core represents the inside of the tumor, the cells which need the pathological vasculature to get nutrient access, while the periphery represents the proliferating outer layer which is capable to get metabolic resources from the environment via diffusion.
A. Model Equations
The state equations used in this article are as follows:
where r represents the radius of the tumor, T C and T P denote the number of living tumor cells in the tumor core and in the periphery, T N C stands for the number of necrotized tumor cells in the core, W C , W P denote the volume of vasculature in the core and the volume of vasculature in the periphery, and [AI] and [CT D] represent the concentration of the angiogenic inhibitor and the cytotoxic drug. The actual tumor volumes of the core and the periphery are denoted with the auxiliary variables V C and V P which may be derived from the variable r, as described in [17] . For dimensions of parameters and state variables of the model, the reader may refer to [17] as well. The actual volume increment of the core is dV C , while the actual volume increment of the tumor is dV T . Square brackets always denote concentration (or density). The variables I AI and I CT D denote the injection rates of the angiogenic inhibitor and the cytotoxic drug respectively, considered as inputs to the system.
Comparing this set of model equations with the original model in [17] , the difference is the presence of the cytotoxic drug: the state equation (8) was not included in the original model, and the terms including the γ CDT multiplier (representing the efficiency of the cytotoxic drug) in equations (2), (3) and (4) are new as well. These terms represent the assumption that the cytotoxic drug initiates tumor cell death both in the core and in the periphery. We assume that necrotized tumor cells in the core are accumulated.
[N C ] and [N P ] denote the nutrient concentration of the core and the periphery respectively, as dimensionless normalized variables, which may be calculated as:
where
is the reference vasculature ratio, defining the necessary percentage of blood vessels in a unit volume of tissue to sufficiently support tumor cells with nutrients.
The only new parameter is γ CDT , whose value is assumed to be 0.45. This value of the parameter implies that similar concentrations of the two drugs have similar magnitude of effect on tumor-inhibition.
The values of the other parameters, as well as the form of the nonlinear functions g([
) may be found in [17] .
III. RESULTS

A. Comparision of the qualitative effect of the model inputs 1) One-shot therapy:
In this subsection, we analyze and compare the qualitative properties and effects of the model inputs, assuming a one-shot monotherapy, namely we assume a protocol in which only one injection is administered from any of the drugs. We assume that the dose injected is 5 units ([mg/kg]). Figure 1 depicts the final volume (volume on final day 21) of the tumor as the function of one-shot administration time of the drug. For sake of comparison, the reference final tumor size (if no drug is administered) is 5848 mm 3 . Fig. 1 demonstrates that assuming one-shot monotherapy, both of the drugs (AA-antiangiogenic, CT-cytotoxic) affect the growth of the tumor on a similar magnitude, and both of them have an optimal administration time instance. Furthermore, the model predicts that the angiogenic inhibitor is more sensitive to the exact time of administration, and that the optimal administration time of the cytotoxic drug can be found slightly later compared to the antiangiogenic drug (in accordance with medical knowledge). On the other hand, we may compare how the final tumor volume depends on the administered dose. Figure 2 depicts these results assuming that the corresponding dose is administered on day 11 in order to achieve maximal effect. As we can see in these figures, the effect of the antiangiogenic drug is more saturating, while the effect of the cytotoxic drug depends more in a linear fashion on the administered quantity (again, in accordance with medical knowledge).
B. Interaction of drugs
If we apply both antiangiogenic and cytotoxic drug shots of 5 units at day 11, the simulation results in a final volume of 2924 mm 3 , which clearly shows that the combination of the two drugs -according to model prediction -is more effective compared to the monotherapies. In fact, in Fig. 2 , we can see that applying 10 units of the cytotoxic drugwhich is the more effective at this dose -, compared to the 5-5 units of AA and CT, results in a final volume about 3600 mm 3 . This can be explained by the saturation phenomena. If we individually increase the dose of either drug without applying the other, the increase of effect above a certain dose will not follow the increase of dose anymore, as it can be seen in Fig. 2 . Furthermore, antiangiogenic drug has the potential to normalize the pathological tumor vasculature (vascular remodeling) and hence the cytotoxic drug can exerts its effect more efficiently [18] , [19] .
C. Open-loop protocols
In the following, we investigate discrete treatment protocols where a combination of antiangiogenic and cytotoxic drugs is administered for the patient in given days.
As both the cytotoxic and antiangiogenic drugs are typically available as injections, and we assume outpatients, the number of days on which the patient must visit the hospital to get these injections can be considered as a critical parameter of the therapy, also significantly reflecting the load on the healthcare system.
In the following, considering fixed numbers of treatment days, we analyze how the treatment schedule and the distribution of the drug dosage among treatment days affects the efficiency of the therapy. Table I summarizes the notations for the analyzed treatment schedules which were determined based on the following practical considerations:
• We assume 2-6 treatment days • The interval between any two treatment days should be at least 2 days.
• We assume that in the initial period of tumor growth the tumor is unnoticed, thus the treatment may begin at earliest on day 6.
• Based on the results depicted in Fig. 1 , we may conclude that injections in the final phase of the tumor growth are not efficient, thus we assume that the last possible day for any schedule is day 16.
• We assume that the total injection quantity for the therapy is 5 units for both drugs.
• The minimal dose of injection is 0.1. We compared two cases for each treatment schedule. In the first case we assumed that the drugs are evenly distributed among the days of the therapy; while in the second case, we assumed an optimal drug dosage. The optimal dosage problem was formulated as follows.
Let us denote the set of injections by I. I j k ∈ I, stands for a single injection of one drug, where the upper index j refers to the index of the injection day, and the lower index k refers to the type of the drug. The injection day has to be a treatment day: j ∈ D. If we denote the final volume of the tumor with V F , we can formulate an optimization problem:
where the last constraint corresponds to a minimal dose. We used particle swarm optimization algorithm [20] to minimize the the final volume of the tumor. As one may see in Table II , the most efficient open-loop therapy may be achieved with protocol S35. In this case the patient receives injections on days 12, 14 and 16 and the dosage is described in equation (12) . The final tumor volume is 2.707 mm 3 , while the drug concentrations resulting from the optimized injections are depicted in Fig. 3 . 
D. Closed-loop therapy
The main motivation of the original bi-compartmental model [17] was the assumption that in the near future, biological markers which allow the estimation of the created state variables will be available for on-line measurements. Assuming valid estimations for the state variables, different feedback laws can be designed for therapeutic purposes; furthermore, these closed-loop therapies will have the potential to be implemented when carry-on devices will be available for continuous administration of the drugs, as in the case of the artificial pancreas [13] .
We introduce two heuristic proportional static feedback laws corresponding to the two drugs, based on biological considerations.
• The feedback of the antiangiogenic drug: As the process of angiogenesis is dependent on tumor angiogenesis factor (TAF) -the target of the antiangiogenic drug-, it is straightforward to assume that its inhibition makes sense only if TAF is present. As the function f T AF describes the secretion rate of TAF by living tumor cells, it seems plausible to implement a feedback which is proportional to this normalized function as follows:
where K AA is the corresponding feedback gain.
• The feedback of the cytotoxic drug: As the normalized actual growth rate function g([T P ]), depending on the tumor cell concentration in the periphery is a key element of tumor growth, and reflects the actual growth rate, it seems plausible to 'punish' the tumor growth with the administration of cytotoxic drugs and formulate the corresponding feedback law as follows:
where K CT is the corresponding feedback gain. Consequently, we consider two scenarios in the closedloop case.
1) Limitation of the total injected drug amount: We investigate the case when the total injected amount of drugs in the closed-loop therapy is equal to the injection amount of the open-loop protocol (thus the total injection amount of both drugs is 5 units). As the simulations show that the total injected amount is a monotone increasing function of the feedback gain in the case of both drugs, we may easily determine feedback gains which result in this quantity, namely, K AA = 0.556 and K CT = 0.633. Considering these feedback gains, the plasma drug concentrations will evolve as depicted in Fig. 4 . This protocol results in the final tumor size of 3721 mm 3 . 2) Limitation of the maximal plasma drug concentration: From a pharmacotherapeutical point of view, maximal plasma concentration during the therapy can be used as quantification of drug load. In the optimal S35 open-loop therapy, maximal plasma concentration of the antiangiogenic drug is 3.7 mg/kg, and maximal plasma concentration of the cytotoxic drug is 4.2 mg/kg. Considering this therapy as basis to determine the feedback gains, we get the values K AA = 0.98 and K CT = 2.05. The dynamics of the drugs are depicted in Fig. 5 in this case.
As we can see in Fig. 5 , neither of the drugs exceed the reference plasma concentrations. However, as the constant injection has to balance out clearance in this case, the total injected amounts are 13.39 units and 12.85 units for the antiangiogenic and for the cytotoxic drug respectively, which are significantly more compared to the original value of 5 units. The final volume of the tumor however is only 1879 mm 3 , which is only about 69% of the value obtained by optimal open-loop therapy.
IV. CONCLUSIONS AND FUTURE WORK
In this paper, we extended the original model described in [17] with an additional input to make it able to account for cytotoxic drug application as well (in addition to the administration of angiogenic inhibitor). We have compared the effect of the two inputs to the dynamics of the model, and derived the optimal instance of one-shot therapy protocols for a reference drug injection value (5 units) .
Regarding the open-loop protocol, we have formulated a simple drug-dosage optimization problem with a fixed number of injection days, and solved it with the help of numerical optimization. In addition, we analyzed a heuristic proportional static feedback law. If we constrained the total injected drug quantity, the proposed feedback control resulted in the final tumor size of 3721 mm 3 , which is equal to approximately 134% of the value obtained by the optimization of the open-loop protocol. On the other hand, if we constrained the maximal plasma concentration of the injected drugs according to the optimal scenario in the openloop approach, the final volume of the tumor reduced to 1879 mm 3 , which is only about 69% of the optimal open-loop reference value. This result clearly shows the potential of closed-loop approaches according to model predictions.
We have to note that the model [17] has been validated only with tumor volume measurements, and not yet with dynamical vasculature data, so its predictions must be considered in the light of this. However, on the other hand we, are not aware of any dynamical model in the literature which would have been validated against such explicit data.
In the future, we will focus on robustness analysis as a straightforward continuation of the work performed in this article. As the main expectation of closed-loop control is to cancel out model uncertainties at considerable level, it would be desirable to study how parametric changes affect the optimality of open-and closed-loop approaches.
